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ABSTRACT

Incremental learning strategy based feature selection approaches can improve the efficiency of reduc-
tion algorithm used for datasets with dynamic characteristic, which has attracted increasing research
attention. Nevertheless, there is currently no work on incremental feature selection approaches for
dynamic interval-valued ordered data. Interval-valued ordered data is a generalized form of single-
valued ordered data, which is more widely used in practice. However, the endpoints of the interval
numbers are easily polluted by noise, thereby the knowledge granules are very sensitive. Motivated
by these two issues, we study incremental feature selection approaches based on a fuzzy dominance
neighborhood rough set (FDNRS) for dynamic interval-valued ordered data in this work. First, we
propose the FDNRS model for an interval-valued ordered decision system (IvODS) and investigate
its related properties. Second, a conditional entropy with robustness is proposed based on the
proposed model. This conditional entropy can measure the degree of monotonic consistency of the
IvODS, so it is used as a metric and combined with a heuristic feature selection algorithm. Finally,
two incremental feature selection algorithms are proposed on the basis of the above researches.
Experiments are performed on nine public datasets to evaluate the robustness of the proposed metric
and the performance of the incremental algorithms. Experimental results verify that the proposed
metric is robust and our incremental algorithms are effective and efficient for updating reducts in
dynamic IvODS.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Feature selection is a common data dimensionality reduction
method in data mining, it can identify more relevant features and

With the development of the information age, various complex
data need to be dealt with in different fields, among which
interval-valued data is one of the important representatives.
Interval-valued data is widely used in the real world, it is usu-
ally used to characterize inaccurate and ambiguous information,
such as fluctuations of commodity prices [1], changes of tem-
perature [2], and the range of physiological indicators [3]. In
multi-criteria decision analysis problems, interval-valued data
follows a preference-ordered relation, which is called interval-
valued ordered data [4]. In practical applications, interval-valued
ordered data evolves over time, i.e., dynamic interval-valued
ordered data [5,6], which brings challenges for efficient data
mining in such data.
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reduce the dimension of data, thereby improving the classifica-
tion ability of the learning models [7-11]. For dynamic data, some
traditional feature selection methods have exposed the defects
of low computational efficiency. To improve efficiency, feature
selection algorithms with incremental technology have attracted
increasing research attention [12-16]. Nevertheless, up to now,
there is no incremental feature selection method for dynamic
interval-valued ordered data. In order to further complete the
research in this field, we study the feature selection method with
incremental technology on dynamic interval-valued ordered data.

Rough set theory (RST) is a granular computing tool, which
is widely used to deal with uncertain and vague information.
Interval-valued data is called interval-valued information system
(IvIS) in RST. In recent years, some extended rough set models for
IvIS have been successively proposed, as shown in Table 1.
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Table 1

The review of some extended rough set models for IvIS.
Year Authors Extended models Reference
2008 Gong et al. Rough set model of interval-valued fuzzy information system [17]
2008 Sun et al. Fuzzy rough set model of interval-valued fuzzy information system [18]
2008 Leung et al. Rough set approach for the discovery of classification rules in IvIS [19]
2008 Qian et al. Dominance-based rough set approach of ordered IvIS [4]
2009 Yang et al. Dominance-based rough set approach of incomplete ordered IvIS [20]
2013 Zhang et al. Variable-precision dominance-based rough set approach of ordered IvIS [21]
2015 Yang et al. «a-dominance relation based rough set model of ordered IVIS [22]
2017 Dai et al. Probability approach based dominance fuzzy rough set model of IvODS [23]
2018 Dai et al. Dominance-based fuzzy rough set model of incomplete ordered IvIS [24]

Although some of the dominance-based rough set approach
(DRSA) models have been extended to IvODS in the above re-
searches, these models cannot describe the preference-ordered
relation between objects in IvODS both qualitatively and quan-
titatively. The fuzzy preference based rough sets model [25],
proposed by Hu et al. can make up for this deficiency. Therefore, it
is very meaningful to extend this model to IvODS. But this model
is not robust, because it does not consider that the boundaries
of interval numbers are easily disturbed by noise, then cause
the perturbation of the endpoint values. This shortcoming makes
the knowledge granule lack of fault tolerance (flexibility), thus
providing decision-makers with wrong information, which may
eventually lead to wrong decisions. Inspired by this, we introduce
the idea of neighborhood into the fuzzy preference based rough
sets model, and propose a new model to make the knowledge
granule robust, i.e., the FDNRS model of IvODS.

Uncertainty metric is an important research content of RST. In
recent years, RST-based uncertainty metrics for interval-valued
data have attracted the attention of many scholars. Some repre-
sentative works are shown in Table 2. However, these metrics
do not take into account the preference-ordered relation of be-
tween objects in IvODS. For ordered data, Hu et al. proposed rank
conditional entropy and fuzzy rank conditional entropy [26], and
then they were applied to feature selection [27] and decision
trees [28] for monotonic classification tasks. Inspired by this, we
introduce a FDNRS based conditional entropy (called fuzzy domi-
nance neighborhood conditional entropy (FDNCE)) to evaluate the
consistency degree of the ordering of samples under features and
decisions in IvODS. In this study, the FDNCE is used as a feature
evaluation index for feature selection in IvODS.

Feature selection is also called attribute reduction in RST.
Some RST-based attribute reduction methods have been extended
or further improved for interval-valued data, as shown in Ta-
ble 3. However, the above attribute reduction method has two
insufficiencies. On the one hand, these methods do not consider
interval-valued data with a preference-ordered relation. On the
other hand, for interval-valued data with dynamic characteris-
tics, these methods expose the disadvantage of high time cost.
Because these attribute reduction methods must be executed
repeatedly when new data arrives or old data is removed, which
causes a lot of unnecessary calculations. Therefore, it is very
meaningful to study an efficient attribute reduction method that
can be applied to data with dynamic interval-valued ordered data.

The feature selection with incremental mechanism can effi-
ciently extract the necessary attributes from dynamic datasets.
In recent years, the research on incremental feature selection has
attracted the attention of many scholars. Some recent research
works are presented in Table 4. Although scholars have done
a lot of works on the research of incremental feature selection
methods, these existing methods are not suitable for dynamic
interval-valued ordered data. This flaw inspires our study.

In this study, we propose incremental feature selection meth-
ods based on FDNRS model for dynamic interval-valued ordered
datasets with time-evolving objects. The major contributions of
this study are as follows.

e We propose a new rough set model FDNRS for IvODS, and
give reasonable explanations of the approximate operators
of this model. Moreover, the relevant properties of this
model are presented and proved.

e We define a robust uncertainty metric FDNCE based on
FDNRS model, which is used as an uncertainty metric to
evaluate the degree of ranking consistency of objects in
IvODS. This metric is proven to be non-monotonic, and then
is combined with the heuristic feature selection strategy.

e Based on the above researches, we propose two incremental
feature selection algorithms when a group objects are added
to or deleted from an IvODS, respectively.

e Comparison experiments are performed on public datasets,
and the results indicate that the robustness of the proposed
metric and the effectiveness and efficiency of the proposed
incremental algorithms.

The remaining of the paper is organized as follows. Section 2
introduces the related knowledge. In Section 3, the FDNRS model
of IvODS is proposed, and its relevant properties are investigated.
Section 4 proposes FDNCE and a FDNCE-based heuristic non-
monotonic feature selection algorithm for IvODS. In Section 5,
two incremental feature selection methods are introduced. The
results and analysis of our experiments are reported in Section 6.
Finally, Section 7 summarizes the study and outlines the further
work.

2. Preliminaries

In this section, some basic concepts are introduced, which can
be found in literatures [4,54].

2.1. Interval-valued ordered decision system

Definition 2.1. Let S = (U,A U {d}, V) be a decision system,
where U = {x1, X2, ..., Xp} is a non-empty finite set of objects; A
is a nonempty finite set of conditional attributes, d is a decision
attribute; V = (JV,, (ax € AU {d}), Vo, = {v(x;, ar)|Vx; € U},
v(x;, ai) is the value of x; under attribute a,, which is also denoted
by Vik.

Definition 2.2 ([54]). Let IS = (U, Au{d}, V) be an interval-valued
decision system, for any x; € U, a, € A, v(x;, ai) is an interval-
valued number, i.e., v(x, ax) = [vg, (%), vj, (x)] = {t[v} (x) < t <
vgk(xi), vl’,k(xi), vgk(x,-) € R}, vék(x,-) and vgk(x,-) are called the left
and right boundaries of v(x;, ai), respectively, and they can also
be denoted by v}, and v},. Furthermore, for any x; € U, v(x;, d) is
a single value under decision attribute d.

In an interval-valued decision system, for any x; € U, q; € A,
v(x;, ax) degenerates to a single value when v‘ak(xi) = vgk(xi).
Therefore, a single-valued decision system is a special form of the
interval-valued decision system.
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Table 2
The review of some RST-based uncertainty metrics for IVIS.
Year Authors Uncertainty metrics Reference
2012 Dai et al. Possible degree based conditional entropy for interval-valued decision systems [29]
2013 Dai et al. Similarity relation based accuracy and roughness for IvIS [30]
2013 Huang et al. Information entropy for interval-valued intuitionistic fuzzy information [31]
systems
2017 Dai et al. Accuracy, roughness, and approximation accuracy based on a-weak similarity [32]
for incomplete IvIS
2019 Xie et al. f-information granulation, #-information amount, #-rough entropy, and [33]
f-information entropy for IvIS
Table 3
The review of some RST-based attribute reduction methods for IVIS.
Year Authors Attribute reduction methods Reference
2014 Zhang et al. Confidence preserved based attribute reduction method for IvIS [34]
2016 Dai et al. Information entropy based attribute reduction method for IvIS [35]
2019 Shu et al. 6-conditional entropy based attribute reduction method for incomplete IvIS [36]
2020 Liu et al. «a-mutual information based unsupervised attribute reduction method for IvIS [37]
2020 Dai et al. Kernel density estimation based attribute reduction approach for IvIS [38]
Table 4
The review of some incremental feature selection methods.
Year Authors Incremental feature selection methods Reference
2014 Liang et al. Incremental feature selection based on information entropy for dynamic data with samples change [39]
2015 Zeng et al. Incremental feature selection based on fuzzy rough set for dynamic hybrid information systems [40]
2017 Lang et al. Incremental updating reducts approaches for dynamic covering information systems [41]
2018 Das et al. Incremental feature selection for classification using RST-based genetic algorithm [42]
2018 Yang et al. Fuzzy rough sets based incremental attribute reduction algorithms by active sample selection strategy [43]
2018 Wei et al. Discernibility matrix based incremental attribute reduction method when attribute values change [44]
2019 Shu et al. Two incremental feature selection methods when multiple objects are added or deleted from data [16]
2019 Zhang et al. Information entropy based incremental feature selection approach using the active sample selection strategy [45]
under the framework of fuzzy rough set theory
2019 Wei et al. Accelerated incremental attribute reduction method by combining the method of compressing information [46]
table with the incremental technology
2019 Cai et al. Two incremental methods for attribute reduction from the perspective of the coarsening and refining [47]
covering granularity
2020 Ni et al. Fuzzy rough set based incremental feature selection approach by introducing a key instance set containing [48]
representative instances
2020 Shu et al. Incremental attribute reduction method based on neighborhood rough set for dynamic hybrid data [49]
2020 Yang et al. Incremental attribute reduction approach for heterogeneous data with the ordered arrival of objects [50]
2020 Liu et al. Discernibility matrix based incremental feature selection method for fused information system [51]
2020 Chen et al. Incremental attribute reduction approach using discernible relations when multiple attributes are added [52]
simultaneously
2020 Dong et al. Incremental update reduction method when multiple objects and attributes are added to an information table [53]

simultaneously

Definition 2.3 ([4]). Let IS= = (U, AU{d}, V) be an IvODS, for any
ay € A s a criterion, Vg, is completely pre-ordered by the relation
ot Vxi, X € U, X; Zq, Xj & v(X;, ax) < v(¥;, qi) (i.e. an increasing
preference) or x; =g, X; & v(X;, ax) > v(x;, ai) (i.e. a decreasing
preference).

In real-world applications, decision makers usually know the
order of criterion values within their domain or prior knowledge.
Such as, for the test score and operating profit, the higher the bet-
ter. For risk assessment, the lower the better with all other things
being equal. For simplicity and without any loss of generality, the
following we only consider criteria with increasing preferences.

2.2. Dominance-based rough set approach to IvODS

Definition 2.4 ([4]). Given an IvODS IS= = (U, AU{d}, V), VB C A,
the dominance relation Dj is defined as

Dj = {(xi, %) € U x Ulvg, (x:) < v, (%), v}, (%) < v}, (%)), Vay € B}.

(1)

From Eq. (1), we easily find that the dominance relation le is
reflexive, asymmetric, and transitive. Moreover, the dominance
relation on decision attribute d is denoted as Df = {(xi,x;) €
U x Ulv(x;, d) < U(Xj, d)}.

Definition 2.5 ([4]). Given an IvODS IS= = (U, AU{d}, V), VB C A,
the dominating and dominated sets of x; € U in term of B are
defined as

Dy (x;) = {x; € UlxiDyx;}; (2)
Dy (%) = {x; € UIx;Dgxi}, 3)

which are call knowledge granules induced by D;.

Property 2.1 ([4]). For any By, B, C A and Vx € U, the following
properties hold.

(1) If B; C By, then D;Z(x) C Dgl (x) and Dy, (x) € Dy, (x);
(2) Dy (x) N Dy (x) = Dj 5, (x) and Dy (x) N D, (x) = Dy, p, (X).

In IvODS, d is a decision attribute, U/d = {Cl;|t € {1, ..., T}}
(T < |U]), where for each Cl; be an equivalence class, and Cl; >
...>Cly = ... > Cly. The upward and downward unions in DRSA
are expressed as Cli = |JCly(t’ > t) and CIF = |JClp(t' < 1),
where t,t' € {1, ..., T}. If x € CI7, then the decision of x cannot
be worse than Cl;; if x € CIZ, then the decision of x cannot be
better than Cl;. Note that Cly = Cly,; =¥ and Cl; = Clf = U.

Definition 2.6 (/54]). Given an IvODS IS= = (U,AU {d}, V), VB C
Aand t € {1,...,T}, the lower and upper approximations of
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Table 5

An interval-valued ordered decision system.
U aq a as ayg d
X1 [0.28, 0.30] [0.33, 0.40] [0.54, 0.66] [0.53, 0.65] 1
X2 [0.27, 0.29] [0.49, 0.60] [0.36, 0.44] [0.41, 0.50] 3
X3 [0.40, 0.43] [0.41, 0.50] [0.27, 0.33] 0 2
X4 [0.41, 0.50] [0.08, 0.10] [0.20, 0.24] [0.41, 0.50] 3
X5 [0.42, 0.44] [0.16, 0.20] 0 [0.16, 0.20] 1
X6 [0.55, 0.60] [0.82, 1.00] [0.72, 0.88] [0.82, 1.00] 2
X7 [0.78, 0.81] [0.65, 0.80] [0.36, 0.44] [0.08, 0.10] 1

the upward union CI> and downward union CIZ are respectively
defined as

Dy (Cly) = {x € UIDF (x) < CIt }, (4)
D5 (CIF) = {x € UID; (x) N CIF # ); (5)
D3 (Cly) = {x € UID5 (x) < CI¢ ), (6)
DZ(CIF) = {x € UID} (x) N CIE + @}, 7)
The boundary regions of CIZ and CIF are defined as

Bn(Cly) =D (Cl7 ) — D5 (CEF), 8)
Bns(CIF) =D (CIY) — D5 (CIY). 9)

In addition, DF(#) = Di(#) = @, D3(U) = D(U) = U, and

BnB(@) BnB( ) @_

Property 2.2 ([54]). For any B C A, the approximations of CI> and
CIZ (t € {1, ..., T}) have the following properties.

(1) DF(CEF) € CIF € D3(CF) and DF(CIF) € CIF < DF(CIF).

(2) ﬁ(af) = U - D5(CIZ ;) and ﬁ(af) =U-D; (c1;+])

(3) Bng(CI7) = Bng(CL ).

The following, we give an example to illustrate these defini-
tions and properties mentioned above.

shows an IvODS, where
{a1, ay, a3, as), and d is

Example 1. Table 5
Uu = {X],Xz,X3,X4,X5,X5,X7}, A =
decision attribute.

According to Definition 2.5, the dominating and dominated
sets of each object are calculated as D (x1) = {x1, x5}, D} (x2) =
{x2, X6}, D (X3) = {X3, X6, X7}, D (X4) = {X4, X6}, D} (x5) = {X5, X5},
Df(xs) = {x6}, Di(x7) = {x7}; Dy(x1) = {x1}, Dj(x2) = {x2},
D,(x3) = f{x3}, Dy(xa) = {xa}, Dy(xs5) = {xs5}, Dj(xs) =
{x1, X2, X3, X4, X5, Xg}, D, (x7) = {x3,x7}. Then, the upward and
downward unions are CIf = U, Cl; = {X2,X3,X4, %}, Cl5 =
(X2, Xa}; CIf = {X1,%5,%7}, CI; = {X1,X3,%5,%6, X7}, Cl = U.
According to Definition 2.6, the approximations of the upward
unions are calculated as D;(Cl;) = U, Di (Clzz) = {X2, X4, X6},

DF(CE) = #; D;(CIY) = U, DF(Cl5) = f{x2. X3, %, %6. 27},
D;(CI5) = {x;,x4,Xs}. The approximations of the downward
unions are calculated as D7 (CI5) = {x1, X5}, D5 (CL5) = {x1, X3, Xs,
X7}, DF(Cl3) = U; DF(CY) = {x1,%3,%5,%7), D;(Cl;) = U,
Df(le) = U. The boundary regions of the upward and downward
unions are calculated as Bna(Cly) = ¢, Bna(Cly) = {x3, %7},

BHA(CI;) {X2, X4, X6}; Bna(CIT) = (X3, x7}, Bna(Cl3) = {X2, X4, Xs},
BnA(Cl3) = (. Next, we verlfy Property 2.2 as follows. Let t = 2,
(1)D§(Cl ) C Cl— cD ( )andD (a ) Cl— Dy (Cl );
(2) @(Clzi) =U - Df(le) and @(CZ;) = (Cl ); (3)
BnA(Clzi) = BnA(le ).

<
D=
D;
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The DRSA for interval-valued ordered data [4,54] is an impor-
tant extension model of the classic DRSA [55]. It is worth noting
that the extended model only qualitatively considers the pref-
erence relation (i.e., Definition 2.4) between interval numbers,
which is a boolean relation. However, in practical applications,
decision makers (or users) usually need to not only qualitatively
consider the preference relation between samples, but also quan-
titatively consider the degree of preference between samples.
Consequently, the extended model needs to be further improved
to make up for its shortcomings. After research, we found that
the fuzzy set theory can make up for this defect, because it
can quantify the degree of uncertainty of the concept, which
meets the requirements of practical application. As pointed out
by Zadeh [56], in human reasoning and concept formation, the
granules used are fuzzy rather than Boolean. Therefore, we intro-
duce the idea of fuzzy set into DRSA based on IvODS, which is
necessary and meaningful.

3. Fuzzy dominance neighborhood rough set to IlvODS

In this section, we propose a new model to IvODS, called
FDNRS model. This model qualitatively and quantitatively con-
siders the preference-ordered relation between objects in IvODS.
Not only that, the proposed model also combines the idea of
neighborhood to avoid the influence of noise for knowledge. The
relevant definitions and properties are introduced as follow.

3.1. Fuzzy dominance neighborhood relation and fuzzy knowledge
granules

The fuzzy dominance degree is firstly defined to describe
the preference relation between interval numbers more pre-
cisely. Then, we introduce the idea of neighborhood, and propose
the fuzzy dominance neighborhood relation between objects in
IvODS. Final, the fuzzy knowledge granules of IvODS induced by
fuzzy dominance neighborhood relation are introduced.

The following, we review some basic knowledge used in this
subsection on fuzzy set theory [57].

Let U = {x1,X2,...,%,}, if A is a map of U to [0, 1], which
is A : U — [0,1], then A is called the fuzzy set on U. For
any x; € U, A(x;) is called the membership function of A, or
the membershlp of x; for A. The fuzzy set is denoted as A =
A("” AR 4y Al g g = S AX"‘ Note that a crisp set
A can be re%arded as a spec1al fuzzy set, it can also be denoted as
A=>1, . ), where VA(x;) € {0, 1}.

Let A, B are two fuzzy sets, for any x € U, some operations of
fuzzy set are defined as (1) A = B & A(x) = B(x); (2) AC B &
A(x) = B(x); (3) (AU B)(x) = max{A(x), B(x)} = A(x) vV B(x); (4)

(ANB)(x) = min{A(x), BX)} = AX)ABX); (5) |Al = >, AXi);
(6) @ is also a fuzzy set, ¥(x) = 0.
Definition 3.1. Given an IvODS IS= = (U,AU {d}, V), Va, € A

and x;, x; € U, the fuzzy dominance degree between x; and x; on
ay is defined as

1
i(ﬁD;k(Xi, X)) + RDg (i, X)), (10)

where £D; (x,, Xj) =

Dy, (Xi, %) =

[ W
Lpe PVl 09—y 60)
dominance degree, RD;k(x,', X)) =

is called the left fuzzy

1
' . 1 +.e—p(v{,k (xj{—ljgk ()
right fuzzy dominance degree, and p is a positive constant.

is called the

For convenience, D‘ (xl,x]) LD‘ (xi, x;), and RD‘ (xi, xj) can
<ay

be simplified to D}, LID”" and RD ~%k respectively. “The LDg
indicates the extent of the left bound’ary of x; better than that

of x; on a,. Similarly, the RD;%‘ indicates the extent of the
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Fig. 1. The distributions of left and right fuzzy dominance degrees on attribute a;.

right boundary of x; better than that of x; on ai. The values of
fuzzy dominance degree embody the preference degree between
interval numbers.

From Definition 3.1, it is easy to find that the characteristics

of the calculation formula of /:D;%( as follows. If vy, (%)) > v, (X),

<ay

then 0.5 < ED(U) < 1;if ”u: (x;) _<;i<  (xi), then Lp(jjk = 05

if vy (x;) < wg (%), then 0 < LD < 0.5. The calculation
formula of RD““ has the same characteristics. Fig. 1 shows the
distributions o left and right fuzzy dominance degrees among
objects on attribute a; in Table 5.

From Fig. 1, we can easily find that the values of left (right)
fuzzy dominance degree in the area between « and 8 are very
close to 0.5. This indicates that the left (right) boundary of these
objects under attribute a; can be regarded as no difference, be-
cause this case may be caused by noise. To avoid the influence of
noise, we draw on the idea of neighborhood, and then define a
fuzzy dominance neighborhood relation in IvODS.

Definition 3.2. Given an IvODS IS = (U,A U {d}, V), Va, €
B C Aand x;, x; € U, the fuzzy dominance neighborhood relation
between x; and x; on qay is defined as

N (xi, %)
0.5, (B = LD <o) A (B = RDg <a);
3(0.54+RD;F), (B < LD <a)A((RDG < B)V(RDGS > a))
- (LD +05),  (£DG] < B)V(LDGS > a)) A (B < RDGH < a);
D& j‘)" , otherwise,

(11)

where 8 € [0.4,0.5), « € (0.5,0.6]. Moreover, the fuzzy
dominance neighborhood relation on attribute subset B is defined
as

N5 (%, %) = min NV (x,-, Xj).

a,e

(12)

Analogously, NV (x;, x;) can be simplified to /\/'(l i which can
derive a fuzzy dominance neighborhood relation matrix, i.e., N<B
= [N Inxn-

Definition 3.3. Given an IvODS IS= = (U,A U {d},V), VB C

A, the fuzzy dominating neighborhood set and fuzzy dominated

neighborhood set of x; € U in term of B are defined as
B B B

N+( ) = N(fl) + N(f,z) 4ot N(fn),

X1 X2 Xp

(13)

1 T
——a=0.55 ° 8
3=0.45 &
! ]
808 8 8
50
< 8
06
_g 8 8 o 8 [
g
S 0.4
> o °
N o
=}
T 0.28 8 R o
D o o
0o 3 ° ° ‘
1 2 3 4 5 6 7
Objects
(b) The distribution of Rz);“;)
NN N
,/\/’B_(xi)z(i’l)_i_ﬁ_k..._kﬂ’ (14)
X1 X2 Xn

which are called the fuzzy knowledge granules induced by N(ij)

Obviously, N+(x,) and N (x;) are two fuzzy sets, then
N*(xo(x,) (,,). AR (0l = S AL Ny (6)0g) = AE, and
NG (i |—ZJ 1 Ul)

Property 3.1.
properties hold.
1) If By C By, then Ny, (xi) € A (x) and A (x)

( < N, ()
(2) N3 () 0 NG () = A, () and A (x) N A (x) =
N, us, (Xi)-

For any B1,B, € A and Vx; € U, the following

Proof. (1) For any x; € U, known B; C B,, according to
Definition 3.2, we have N (xl, Xj) = Np: | U(By— Bl)(xl, X)) =
min{./\/’Bj(x,-,xj), J\/’,.;,2 31(Xza"1)} < Nj (x,,xj) Le., NBZ(X,,XJ) <
/\/,fl(x,-,xj). Then, according to Defmmon 3.3, we can naturally
determine that A, +(X1‘)(Xj) <N, +(X1‘)(Xj) hold. Thus, we can obtain
N (xi) < N*(x,) Analogously, the N, (xi) S N (%) can be
proved 2)It can be proved immediately iaased on Deflmtlons 3.2
and 3.3. O

Property 3.1 shows that fuzzy knowledge granules based on
fuzzy dominance neighborhood relation are monotonic.

3.2. Approximations of FDNRS

In this subsection, the approximations of the upward and
downward unions are defined by comprehensively considering
fuzzy dominance neighborhood relation in IvODS. Then, some
related properties are presented and proved.

Definition 3.4. Given an IvODS IS= = (U,AU{d},V),VB C A
and t € {1,...,T}, the fuzzy lower and upper approximations
of the upward union CI> and downward union CIF under B are
respectively defined as

N (ClF)(x) = ian] max(1 — N5 (x:)(%), CIf (%)), (15)
X]‘E

N (CIF)(x:) = sup min(N (%)(%;), CIf (x))); (16)

N (CF)(x) = inf max(1 — N (%), CIF (%)), (17)
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Ny (CIF)(xi) = sup min(N (x:)(x)), CIF (x;)). (18)
XjEU
Next, we simplify the four fuzzy approximation operators in
Definition 3.4.

e For Eq. (15), x; € U can be divided into two cases, i.e., X; €
ClF and x; ¢ CIF (xj € CI ). If x; € CI7, then CI=(x;) = 1. Due
to 1—Nj; (x;)(x) < 1, we have max(1—N; (x:)(%;), CIF (x;)) =
1;Ifx; ¢ CI7, then CIZ(x;) = 0. Due to 1— N} (x;)(%;) > 0, we
have max(1—Nj (x,)(x;), CI7 (%)) = 1=~ (x;)(x;). Obviously,
1 — N (x:)(%) < 1, so we can easily get N;'(CI7)(x;) =

inf o= 1— Ny (x:)(%}) (AE(CI? xi) =
inijeai1 1 — N (%)(%})).

For Eq. (16), x; € U can be divided into two cases, i.e., X; €
ClF and x; ¢ CI7. If x; € CIF, then CIF(x;) = 1. Because
Ny (x)(%) < 1, we can get min(Nj (x;)(x;), le(xj)) =
Ny (xi)(x). If x; ¢ CI7, then CIF(x;) = 0. Because N (x;)(X}) >
0, we can get min(Ng (x;)(x;), Cl?(xj)) = 0. Obviously,
Ny (%:)(%;) = 0, so we can easily get N;(Cl?)(xi) = SUPycq-
Ny (xi)(%)).

Similarly, we can also simplify Eqs. (17) and (18). The following
we give the simplified forms of these four fuzzy approximation
operators respectively.

N5 (CIE)(x:) = xl;g 1— N3 (%)), (19)
Ny (CIE)x%) = X;:Cl,)z Ng (xi)(%)); (20)
N5 (CIF)x) = le;g: 1 — Ny (xi)(%)), (21)
Ny (CE)x%) = xjseuclli Ny (X%)(%))- (22)

Subsequently, we give the reasonable explanations of these four
approximation operators.

e From Eq. (19), we can intuitively find that for any x; € U,
the membership of x; to fuzzy set N;(Cl?) depends on the

best object that does not belong to class CI>. The greater
the degree that this object is better than x;, the smaller
the membership of x; to the fuzzy set N;(Cl?), and vice

versa. From a semantic perspective, NB‘(CI?)(xi) reflects the

degree to which object x; must belong to class CI=. That
is, the greater the magnitude of the best object in (CI7)°
is better than x;, the smaller the membership of x; to class
CIF. For example, when x; (x; € (CIF)) is better than x;
(le, Ny (x)(x) > 0.5), if x; € CIf, then the decision-
making of x; violates the monotonic consistency principle,
S0 N;(Cl?)(x,-) < 0.5 is inevitable. On the contrary, if the

objects that do not belong to class CI- are much smaller
than x;, then x; must belong to class CI- to a large extent.
In addition, Eq. (21) can be interpreted similarly. There-
fore, the fuzzy lower approximations follow the monotonic
consistency principle.

e From Eq. (20), we can intuitively find that for any x; € U, the
membership of x; to fuzzy set NB‘(CI?) depends on the worst
object that belongs to class CI7. The greater the degree that
x; is better than this object, the greater the membership of
X; to the fuzzy set ./\/;(Cltz ), and vice versa. From a semantic
perspective, /\/’;(CltZ )(x;) reflects the degree to which object
x; may belong to class Cl?. In other words, if x; is much
larger than the objects that belong to class CI7, then x; may
belong to class CI> to a large extent. Moreover, Eq. (22) can
be interpreted similarly.
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The above explanation is consistent with our intuition. There-
fore, these four fuzzy approximation operators are reasonable.
To facilitate understanding, subsequently, we use an example to
demonstrate the calculation of fuzzy knowledge granules and
approximations in FDNRS.

Example 2. Continuing from Example 1. According to Egs. (13)
and (14), the fuzzy dominating neighborhood set and fuzzy dom-

inated neighborhood set of each object are calculated as
NH(xg) = 05000 4 01208 4 00032 4 00235 4 00029 4 08792 4 0.0075

05600 + 0. 1336 + 02%28 + 0. 1é67 + 0. 1378 + 00849 4 00664

N ) = et oo obts  odtis - ofles — odes | o
0.1436 0.5000 0.0115 0.0115 0.0194 0.9498 00 68
N () = 250 + + + + 00 + ,
— 0.1208 0. 5000 0.2060 0.1535 0.1824 0.0115 0‘0058
Na (x2) = X1 + X3 + X4 + 5 + 6 X7’
0.2228 0. 2060 0.5000 0.0268 0.0493 0.8316 0.7105
Ny (x3) = &2 + 7 e L ; + 20,
— 0.0032 00115 0.5000 0.0115 0.1436 0.0002 0.0219
Ny (x3) = X + + + + s
+ _ 0.1&67 0. 1%35 0. 0%15 0. 5600 0. 0816 0. 7866 0.0568
Ny (Xq) = =25 + =2 0+ + 0265
N _ 0.0%35 0.0115 0. 0368 0.5000 0. 2395 0. 0804 0.0521
v (xq) = 25 o+ + 0500 4 + o st
0.1978 0. 1824 0. 1436 0.2895 0‘5000 0.8089 0.2895
Ny () = + + + + ,
— 0 6((])29 0. 0194 0. 043193 0. ())%116 0 g(S)OO 0. ())(804 0 ())<(7)49
Ny (xs) = 00929 4 + 10 4 0510 4 08 oL,
+ __ 0. 0049 0. 0115 0. 0802 0.0004 0. 0804 0. 5800 0. 0004
Ao ) = oo ol | odtes | odes | odfn | 03
— 792 1 7 1 1
/\/A(XG):Osg +0998+08 6+0 66+0889+0500+0 0
0. 0064 0. 0058 0. 02]9 0. 0021 0. 0049 0. 1001 0. 5000
'/\/;‘+(X7) = X + X + X + X, + X + X +
— 0.0075 0. 0268 0. 7105 0.0268 0. 2895 0.0004 0. SOOO
Ny (x7) = + + + + + +

X, X
Then, according to Deflmtlon 3.4, the fuzzy lower and up;)er

approximations of the upward and downward unions are calcu-
lated as

NI;(CI?) — 10000 + 1 0000 + 1 0000 + 10000 + 1 0200 + 10000 + 1()()()()Y
/\TE(C[?) — 05;(000 + 0. 5000 + 0. 5000 + 05000 + 0. 5200 + 09498 + 071()5Y
/\/‘I;(Clli) — 0.1772 + 0‘?6000 + 0.3(200 + O.iOOO + 0.3384 + 0.()](502 + 0. 1895‘
/\/‘I;(Clli) — O.i?OO + 0‘}:2136 + 0.3;05 + 0.}((167 + 0.?((;00 + 0.()]((;49 + 0‘?300‘
E(Clg) — 0.3((1)00 + 0})3264 + 0.3(295 + 0.?3133 + 0.?((;00 + 0.3?51 + 01?((7)00,
N;(Clzi) — 0.3{?28 + 0?{200 + O.i(;OO + O.i(iOO + 0.())((5316 + 0.!))(4;98 + 0‘1;05,
E(Cl;) — 0}233 + o.igoo + O.E))(Z;SS + 0&300 + 02?84 + OA())(ZOZ + 0.2:32,
N;(Cl;) — 01292 + 0242198 + O.ing + 03266 + 0.§289 + 0.?%00 + 0.?((7)00,
ﬁ(Clg) — 0;2108 + 02202 + 0;384 + 033134 + 0.15]] + OAiGOO + 0?{(7)00Y
J\T;(Cl;) — 0;667 + 0.5000 + 0.0115 + 0.5000 + 0.0616 + 0.9498 + 01))(268,
N;(CE) _ 1 0600 1. 0(300 + 1 0800 + 1. 0:01100 + 1 0(300 + 1 0800 10600Y
/\T;(C[?) — 08792 + 0. 9498 + 0. 8316 + 07666 + 0. 8089 + 05000 + 0. 5000

X7

Property 3.2. Forany B C Aand Vp, q € {1,
properties hold.

(1)
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N5 (€l N Clz) < N (CE) NN (CEE), N (Gl N C) <
NF(CE) NN (CIZ).

Proof.

(1) It is straightforward according to Definition 3.4.

(2) First, we prove NV((CL7)) =

=

s

(N5 (C5))°. From Egs. (20)

and (21), for any x; € U, we have NF((Cly))(x) =
NF (€ )x) = inf, gec 1= Ny (x)x) = infy gz 1=

Ny (%)) = T = supy = N (%)) = 1~ N (CIE)xi) =
(NG(CIE))(%:). Thus, Ny ((CF)) = (AT;(Clg))C holds. Sim-
ilarly, N5 ((CI5)) = (VG'(CI5)) can also be proved. Sec-
ond, we prove NV ((CI7)) = (N'(CI5)). From Egs. (19)
and (22), for any x; € U, we have /\/’;((Clg)c)(x,-) =
N (Cl5_ (%) = SUD, s | N (X)) =1—1+ SUPecs |
Ny (k) = 1 - (1 — SUPyccrs N () = 1=
(infy e 1- Ny (%)) = 1 N‘(CV)(XI) (NG ()Y (x:)-
Thus, N5*((Cl5)°) = (NVG(CI5))° holds. Similarly, A5*((Cl5))
= (N(CI5))° can also be proved.
First, we prove N (Clz NCIZ) = N5 (CIF) NN (CI7 ). When
p = q, this equation obviously holds. When p > g, we
have CIZ C CI7, then CIF N CIz = CI7. Thus, for any
x; € U, we have NV (ClZ NCIZ)(xi) = Ny (CL5 )(xi). The other
side, we have (NG (Cl5) N NG (CIZ))(xi) = N (CLZ)(xi) A
NF(CEYx) = (inf o= 1= N (xa)(x%)) A (mfx o 1-

X; ECI— 1

N*(x,»)(x])) Due to Cl— ;1 C Cl (1an e N (x,)(xj))
(mfx e, ./V’*(x,)( G)) = 1an <, 1 — N;(x,-)(xj) =
infy yop 1 N+(x,)( ) = NiB‘(CP)(x,) So we can get

(VG (CLE)NNG (CIE))(xi) 5 (CI>)(xi) = N (CL=NCIZ )(xi).
Analogously, when p < g, we can also get (/\/<(Cl>)

NG (@) = NG (CE)x) = N (Clr N CIE)x). ThUS
Ny (ClE N az) = N<(Cl>) N NG (CIZ) holds. Similarly,
N (Cl5 N CLZ) = N'(CF) N NG (CIT) can also be proved.
Second, we prove N (CI5 U CIZ) = N (CIZ) U Ny (CEE).
When p = g, this equation obviously holds. When p > g,
we have CIZ C CI7, then CI> U CI> = CIZ. Thus, for any
x; € U, we have N*(CI> UCIZ )(xi) = Ny*(CIZ )(x:). The other
side, we have (N(CIT) U N (CIZ))(xi) = N (CI5)(xi) v
N (CF)(%i) = (sup, = Ny (xi)(X7)) V (SUp, = Ny (xi)(X;))-
Because Cl> C CI7, (SUPy iz Ny (X)(X1)) V (SUP, iz N (%)
(%)) = SUPy,cqiz Ny (xi)(%) = N,;(Clg )(x;). So we can get
(NG (CE)UNG(CIZ))(xi) = Ny (CIE (%) = N;(Clgiclg )(xi).
Analogously, when p < g, we can also get (N;(Clg) U
N(TpN) = M) = Ny(ly U i) Ths
Ny (CE U CE) = Np(CEE) U N (CE) holds. Similarly,
N (ClF U ClF) = N (C S) UN<(Cl<) can also be proved.

First, we prove that if Cl; C Clg, then N (CIF) € NG (CIF)
and N7(Cl5) € N(CIF). From Eq. (19), for any x; €
U, we have N<(Cli)(x,-) = inijeaﬁ_1 1-— N;(xi)(xj) and
N () %) = yed | 1 — N (x)(x). Because Cl> <
Clz = Cl5, < CI7, we can get infx]_edﬁ_1 1— Ny (x)(x) <
infoeq 1- Ny (%)(x7) = N (CI)x) < N (CIE)x) =
N*(Cl;) C N (CI7). From Eq. (20), for any x; € U, we
have AV (CI5)(xi) = SUPycciz Ny (x:)(%;) and NV (CIF)(xi) =

inf,
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SUPy iz Nj (xi)(%). Because Cl> C Cl§,7we can get
SUPyectz Ny (x:)(x;) Silpxjqu Ny (%:)(%)) = N5 (CI5)(x:)

< NF(AF)xi) = NG(CF) © NG(CIF). In summary, if
Gy < CIy, then A (Cl) © Np(Cf) and Ny(Cy) <

./\T;(CP) Slm1larly, if Cl< C (7, then ./\/’<(Cl<) < NG (CF)
and /\/’;(Cl;) C ./\/';(Cl;) can also be proved.

First, we prove Ny (Cl> U Clz) 2 NG (CET) U ./\/’<(Cl>)
Due to CI5 < Cl> U CljL and CI7 C Cl; U CI7, we have
Ng (€5 U CI*) ) N<(Cl ) and N’*(CI> U Cz) 2 NF(C)
accordmg to Property 3. 2 (4). Naturally, we can get that
N (CI5 U CIF) 2 NG(CIT) U NG (CIF) holds. Similarly, the
other three formulas can also be proved. O

(5

-

4. Conditional entropy based on FDNRS and non-monotonic
feature selection in IvODS

As a common uncertainty measure, information entropy is
widely used in feature selection tasks [27,28,39]. In this sec-
tion, we first propose a conditional entropy based on FDNRS,
called FDNCE, and analyze its monotonicity. Afterwards, we de-
fine a non-monotonic reduct search strategy using FDNCE. Finally,
we introduce a heuristic feature selection algorithm with the
non-monotone reduct search strategy.

4.1. Fuzzy dominance neighborhood conditional entropy to IvODS

In [26], Hu et al. successively proposed dominance conditional
entropy (DCE) and fuzzy dominance conditional entropy (FDCE)
for evaluating the consistency degree of the ranking of objects un-
der conditional attributes and decisions in an ODS. Obviously, the
DCE follows the dominance relation, which only reflects the dom-
inance relation between objects from the qualitative perspectives.
The FDCE follows the fuzzy dominance relation, which reflects
the dominance relation between objects from both qualitative
and quantitative perspectives. Naturally, these two metrics can
be applied to IvODS by simply changing the preference relation
between single values to that of interval values. However, as
we mentioned earlier, the fuzzy dominance relation does not
consider the effects of noise. To make up for this defect, the
following we define the FDNCE in an IvODS.

Definition 4.1. Given an IvODS IS= = (U,AU {d}, V), VB C A,
the FDNCE of B relative to d is defined as

1, IV (x) N Dy (x)l

2 , 23
Ul = AT =

NEGHU) = —

where |x| represents the cardinality of set x, /\/’;(x,-) is the fuzzy
dominating neighborhood set of x; under B, and Dj(xi) is the
dominating set of x; under d.

In Eq. (23), 7"‘/871”;{;)’3(*""
is the core part of 7\/ é;‘B(U ). Intuitively, this variable measures
the consistency degree of the objects ranking in terms of the
conditional attribute set B and the decision d. It is easy to find
that the value of FDNCE is inversely proportional to this variable,
and V. 5;\ 5(U) is non-negative. When using FDNCE to evaluate an
attribute subset, we expect that the ranking information provided
by this attribute subset for the objects in IvODS is the same as the
decision. Therefore, the smaller /\/’Sc';lB(U) (or the larger the vari-

NG (xi)ND (x;)]

able W
meanmgful Next, we prove that FDNCE is non-monotonicity.

can be regarded as a variable, which

) indicates that the attribute subset B is more
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Proposition 4.1. Let C C B C A, then N&g(U) = NEg,(U)

or N&go(U) = N¢ggp(U) is indeterminate, namely, FDNCE is non-
monotonic.

Proof. From Eq. (23), we have

A = NEgp(U) — NEg (V)
= LN og WEEINDI o NG () N DG ()]
U] & NG () W ()

. N MV eonDg ()l N NV eonpd ()l
Assuming that g1(x;) = W and g;(x;) = N
It can be obtained that A = ﬁ Yo (loggi(xi) — logga(xi)) =
‘U‘ >  log £1°8 ?% Since |NJF(x)NDj(x) < |INS(x) and

|N+(X1)HD+(X1)| < N (x)| hold, then 0 < gi(xi), &2(x)) < 1

holds. Hence, &84 > 1(g1(:') < 1)is uncertain. So A > 0(A < 0)

is indeterminate. lTherefore FDNCE is non-monotonic. O

4.2. The evaluation of attributes in IvODS

In this subsection, we introduce a non-monotonic reduct
search strategy using FDNCE in IvODS.

Definition 4.2. Given an IvODS IS= = (U,AU {d}, V), VQ C A,
we say Q is a reduct of A relative to d if Q satisfies

(1) N&5o(U) < NEG,(U),

(2) Yar € Q, V€ g_iay(U) > NEo (U).

The first item guarantees that the selected attribute subset Q
can provide correct objects ranking information that is not worse
than that of raw attribute set A. The second item requires that no
redundant attributes in the selected attribute subset Q.

According to Definition 4.2, we define the inner and outer
significance of an attribute as follows.

Definition 4.3. Given an IvODS IS= = (U,AU {d},V), VB C A
and Va € B, the inner significance of a relative to B is defined as

Siginner (0. B, d) = N 5_ 1 (U) — NEZ5(U). (24)
Definition 4.4. Given an IvODS IS= = (U, AU{d}, V), VB C A and
Va € (C — B), the outer significance of a relative to B is defined as

Sigouer (. B, d) = NEG5(U)

The matrix representation of knowledge is an intuitive and
effective way for processing complex data, and the calculation
of the matrix can be easily implemented using a computer. In
particular, the relation between objects is usually expressed and
stored in the form of a matrix in the computer. Thence, it is
necessary to present a method for computing FDNCE by using
relation matrices. In what follows, we define some operations on
relation matrices.

= N&qputanU)- (25)

Definition 4.5.
Ry =
and B,, respectively, then the “
them are defined as

Let BB, C AU {d}, R}} = [rj}lnxn and

[rl (i;jylnxn are two relatlon matrlces under attribute sets B;
” and “x” operations between

B B1UB
]R1/\R 2

R,

(26)
(27)

= [min{r, (”)» 1])}]n><n =Ry,

B
! [I’(”) X r,] Inxn-

Definition 4.6. Let B C AU {d}, R} = [r(’ij)]nxn be a relation
matrix, and its diagonal matrix is defined as R = [r\(‘f’j)]r,x,,,
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where

B .. .
: 1 — i
Ty = 2ty ielnLi=) (28)
0, i,jell,n],i#]j.
Moreover, the determinant and inverse matrix of R, are denoted

as |RB| I'I”_J 1oy and (RB) [l/r“g,j)]nxn, respectively.

Corollary 4.1. Given an IvODS IS= = (U,AU {d}, V), VB C A, the
formula for calculating FDNCE using matrices is expressed as

1 ~ 0 o~
— log N3P % (NgB)~1),

|U|

where N<Bud _ N<B A Did — [-/\[(-<BUd]n><n: Did

NEGHU) = — (29)

y Is a dominance

relation matrix denved by domlnance relation D5

Proof. According to Eq. (29), we can get that

x7<Bud n ~_BUd
NEGpU) = logH_]_ Ny __1 log 17_] i)
Ul NS ul ™ o N8
= log A 1 g TR et)
Ul L (N (i,l) |U| 1IN (x:)]
1 g TV (x0) 0 DG (x0)
Ul T NG (xi)]

U] = N5 (%)

From this we can conclude that the results of computing FDNCE
by Eqgs. (23) and (29) are equal. O

Next, we use an example to demonstrate the process of calcu-
lating FDNCE by using relation matrices.

Example 3. Continuing from Example 2. First, we calculate the
fuzzy dominance neighborhood relation matrix N ;A and the dom-

inance relation matrix Dﬁd as NJA =
0.5000 0.1208 0.0032 0.0235 0.0029 0.8792 0.0075
0.1436 0.5000 0.0115 0.0115 0.0194 0.9498 0.0268
0.2228 0.2060 0.5000 0.0268 0.0493 0.8316 0.7105
0.1667 0.1535 0.0115 0.5000 0.0616 0.7666 0.0268
0.1978 0.1824 0.1436 0.2895 0.5000 0.8089 0.2895
0.0049 0.0115 0.0002 0.0004 0.0004 0.5000 0.0004
0.0064 0.0058 0.0219 0.0021 0.0049 0.1001 0.5000

11 1 1 1 1 1

01 0 1 0 0O

01 1 1 010
Df,‘iz 01 0 1 0 0 O . Then, we calculate matrix

1 1 1 1 1 1 1

01 1 1 0 10
_ 111 1 1 1 14,,
N4 by Eq. (26) as
N<Aud N<A/\D<d

[(0.5000 0.1208 0.0032 0.0235 0.0029 0.8792 0.0075]

0 0.5000 0 0.0115 0 0 0

0  0.2060 0.5000 0.0268 0 0.8316 O

= 0 01535 0 05000 O 0 0

0.1978 0.1824 0.1436 0.2895 0.5000 0.8089 0.2895
0 0.0115 0.0002 0.0004 0 0.5000 O

| 0.0064 0.0058 0.0219 0.0021 0.0049 0.1001 0.5000 |

7x7
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Subsequently, the matrices N;A and N;AUU’ are diagonalized by
Eq. (28) as

(15372 0 0 0 0 0 0
0 16625 0 0 0 0 0
e 0 0 25469 0 0 0 0
NA=| o 0 0 1.687 0 0 0 ,
0 0 0 0 24117 0 0
0 0 0 0 0 05178 0
L0 0 0 0 0 0 0.6412], .
[1.5372 0 0 0 0 0 0 ]
0 05115 0 0 0 0 0
o 0 0 15643 0 0 0 0
N =1 o 0 0 06535 0 0 0
0 0 0 0 24117 0 0
0 0 0 0 0 05120 0
| o 0 0 0 0 0 06412],

Fmally, the FDNCE Né‘dlA( ) is calculated by Eq. (29) as NSJ‘A(U)
1 log |N<M (N<A) | = 0.5411.

4.3. Heuristic feature selection algorithm based on FDNCE to IvODS

In this subsection, we design a FDNCE based heuristic fea-
ture selection algorithm to IvODS (HFS-IvO) according to Defini-
tion 4.2, and then analyze its time complexity.

Algorithm 1 HFS-IvO algorithm

Input: An IvODS IS= = (U, AU {d}, V), parameters «, and B.
Output: A reduct Redy.

1: Initialize Redy <« @;
2: Calculate FDNCE N‘SE\A(U) by Eq. (29);
3: for k =1to |A| do
4:  Calculate sig#ner(ak, A, d) by Definition 4.3;
5. if sigh,..(ak, A, d) > 0 then
6
7
8
9

Redy < Redy U {ay};
end if
: end for
: Let Q < Redy;
10: while /\/EaQ(U) > NEgu(U) do
11: forl=1to|A—Q| do
12: Calculate sigY,...(a;, Q, d) by Definition 4.4;
13:  end for
14:  Select ap = max{sigY,..(a;, Q,d),aq € (A—Q)};
150 Q < QU {aog};
16: end while
17: for each a € Q do
18:  Calculate FDNCE NGy (U) by Eq. (29);
19: i NEG g (q)(U) S NEG(U) then
20: Q < Q —{a};
21:  end if
22: end for
23: Redy < Q;
24: return Redy;

Next, we explain the steps in Algorithm 1. Step 2 is to calculate
FDNCE under raw attribute set A. Steps 3-9 is to add attributes
with inner significance greater than zero to Redy, and let Q =
Redy. Steps 10-16 is to search the attribute with the highest outer
significance from remaining attribute subset A—Q to Q until Step
10 does not hold. Steps 17-22 is to delete redundant attributes
from attribute subset Q. Steps 23-24 is to output the final reduct.
The time complexity of the main steps in this algorithm are listed
in Table 6.
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Table 6

The time complexity of HFS-IvO algorithm.
Steps Time complexity Steps Time complexity
2 O(AIUP) 10-16 oA |UP)
3-9 O(IAPIUP) 17-22 o(lQl|uP)

5. Incremental feature selection for dynamic IvODS with the
variation of multiple objects

For dynamic IvODS, employing the HFS-IvO algorithm to com-
pute a reduct is very time-consuming, especially in large data.
Because this algorithm retrains the changed IvODS as a new one,
which needs to recalculate knowledge from scratch. To improve
efficiency, this section presents two incremental algorithms for
feature selection on the basis of HFS-IvO algorithm.

5.1. Incremental feature selection for adding object set

This subsection first presents the updating mechanism of FD-
NCE when adding object set to an IvODS. Then, on this ba-
sis, a corresponding incremental feature selection algorithm is
proposed.

5.1.1. Updating mechanism of FDNCE

Uncertainty metric is an important part of feature selection
algorithms, and its calculation speed determines the efficiency of
the algorithms. Thence, this subsection present an incremental
update mechanism that is used to quickly compute the new
FDNCE when adding objects to an IvODS. From Eq. (29), we
can easily find that the pivotal step in the process of updating
FDNCE is to calculate the corresponding diagonal matrix in an
incremental manner. In what follows, the principle for updating
the diagonal matrix is presented.

Proposition 5.1. Given an IvODS IS= = (U,A U {d}, V), adding
object set Uyg = {Xn+1,Xn+2, - - - Xnan} to ISZ, then the changed
object set is U = U U Uy. Let VB < A, known the previous

digfgonal matrix is N;B = []\\/(ij)]nxm which is updated to N;,B =
[j\/zifj)B](nJrn,)X(nJrn/) after adding objects, where

n+n’
“~<B B FE S
N+ D N ijelln)i=j
B I=n+1
Nijy = (30)

ijen+1,n+nli=j;

NG
0, ijelln+nli#j,

where N8 is known, Y NGE and YT AR need to be
Calculateé by Definition 3.2.

Proof. According to Definition 4.6, we know that all non-diagonal
elements in matrix N;,B are zero, that is, Vi,j € [1,n + n’] and

i # ], .A/<B =0 always holds. Then Vi,j € [1,n] and i = j, we
+ + <
have/\/”)_ Tln ll 211 ll)+2?nn<‘r1 lg jv(
}1+n"+1 N(; I, where /\/(<B) is known, and Z,"Jrn"ﬂ N( needs to be
calculated by Definition 3.2. Furthermore, Vi, j € [n +1,n+n

and i = j, N;F# = e 1 N} also needs to be calculated by
Definition 3.2. In summary, based on the previous diagonal matrix

N;B, we calculate new knowledge to obtain an updated diagonal

matrix NJ/B, where N(; is denoted as Eq. (30). O

Analogously, the diagonal matrix NJBU“ can also be updated by
Proposition 5.1. Therefore, according to Eq. (29), we can directly
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Table 7 Table 8

A new IvODS after adding object set. The time complexity of IFSA-IvO algorithm.
U a; a; as ay d Steps Time complexity Steps Time complexity
X [028,030]  [033,040]  [0.54,066]  [0.53,065] 1 2.3 O(IAl|UaglIU']) 14-19 o(lQIU'?)
Xo [0.27, 0.29] [0.49, 0.60] [0.36, 0.44] [0.41, 0.50] 3 5-12 O((JA] — |Q|)|U’|2)
X3 [0.40, 0.43] [0.41, 0.50] [0.27, 0.33] 0 2
X [041,050]  [0.08,0.10]  [0.20, 0.24]  [0.41,050] 3
Xs [0.42,044]  [0.16,020] O [0.16, 0.20] 1 Table 9
X5 [0.55, 0.60] [0.82, 1.00] [0.72, 0.88] [0.82, 1.00] 2 The comparison of the time complexity of algorithms HFS-IvO and IFSA-IvO.
X [078,081]  [0.65 0.80]  [0.36, 0.44]  [0.08, 0.10] 1 Algorithms Time complexity
Xg [0.75, 0.77] [0.25, 0.30] [0.40, 0.48] [0.45, 0.55] 1 — s — —
Xo [0.83,084]  [090,1.00]  [090, 1.00]  [0.90, 1.00] 3 HFS-Iv0 OUAIIUT" + IAFIU'I" + IAIF|U' + Q[ IU'})
X10 [0.85, 0.88] 0 [0.34, 0.42] [0.08, 0.10] 3 IFSA-IVO O(|A||UaalIU’| 4 (JA] = 1Q DIV’ +1QI*|U'[F)

compute the new FDNCE using the updated matrices NJ/B and

N;/Bu‘j. Subsequently, according to Proposition 5.1, we use an
example to demonstrate the updating process of FDNCE.

Example 4. Continuing from Example 3, adding object set Uy =
{xs, X9, X190} to Table 5, then the new IvODS is shown in Table 7,
where the new object set is denoted as U U’ {xl,xz, ey X10)
First, we update the diagonal matrices N<ﬂ and N;Au‘i according
to Proposition 5.1 as given in Box L. Then based on the updated
diagonal matrices ﬁ;ﬁ“ and N;,AU", the new FDNCE NEEM(U’) is
calculated by Eq. (29) as N'€;,(U’) = 0.3316.

5.1.2. The incremental feature selection algorithm

This subsection introduces a FDNCE based incremental feature
selection algorithm when adding object set to IvODS (IFSA-IvO),
and then analyze its time complexity.

Algorithm 2 IFSA-IvO algorithm
Input: An original IvODS IS= = (U, AU {d}, V), and its reduct Q,
parameters «, f, original diagonal matrices N34, N7A%, N;©,
NJQUd- and Ugg = {Xnt15 Xnt2s - - - » X' 15
Output: A new reduct Redy: on U U Ugg.
1: Add object set U’ < U U Ugg;

2: Update the diagonal matrices NJA N;{*, N<AU" Naud
NG — N32, Ny - N;,QUd by Proposition 5.1;
3: Calculate the new FDNCE ./\/’Sle(U/) and ./\/’ch'Q(U’) by Eq. (29);

4 if NEG(U') > NE5,(U') then
: foreachae(A—Q)do

6: Calculate sigé{:[e,(a, Q,d) by Eq. (25), then ranking these
attributes w.r.t descending order of their outer signifi-
cance, and record the results as {a}, d;, ..., %FQ\}:

7:  end for

8:  while NSJQ(U’) > NSJM(U/) do

9: forh=1to|A—Q| do

10: Select Q <— Q U {a;} and calculate V€5, (U");
11 end for

12:  end while

13: end if

14: for each a € Q do

15:  Calculate FDNCE NSJ‘(Qf{a})(U’) by Eq. (29);
16: ing;\(Q—{a})(U/) < Ns;lQ(U/) then

17: Q <~ Q —{a};

18:  end if

19: end for

20: Redy < Q;

21: return Redy;

In Algorithm 2, Step 1 is to add the object set to the original
IvODS. Step 2 is to update the original diagonal matrices by
Proposition 5.1. Step 3 is to calculate the new FDNCE by Eq. (29).
Step 4 is to determine whether the new FDNCE under the previ-
ous reduct Q is greater than that of under the raw attribute set
A, if not, then keep the previous reduct unchanged. Steps 5-7 is
to construct a descending sequence for the remaining attributes.
Steps 8-12 is to incrementally update the selected attribute sub-
set until Step 8 does not hold. Steps 14-19 is to remove redundant
attributes from the selected attribute subset. Steps 20-21 is to
output the final reduct. The time complexity of the main steps in
this algorithm are listed in Table 8. Subsequently, we collect the
time complexity of algorithms HFS-IvO and IFSA-IvO to Table 9
for intuitive comparison.

From Table 9, we can easily find that the time complexity
of IFSA-IvO algorithm is usually much less than that of HFS-IvO
algorithm. Because HFS-IvO algorithm computes a new reduct
from scratch, it ignores the previously acquired knowledge. By
contrast, IFSA-IvO algorithm uses the previous knowledge for
accelerating the acquisition of a new reduct. Thence, compared
with HFS-IvO algorithm, IFSA-IvO algorithm saves time cost.

5.2. Incremental feature selection for deleting object set

In this subsection, we first introduce an incremental update
mechanism for calculating the new FDNCE when object set is
deleted from an IvODS. Then, on this basis, a corresponding
incremental feature selection algorithm is proposed.

5.2.1. Updating mechanism of FDNCE
To update FDNCE, below we present the principle for updating
the diagonal matrix when deleting objects set.

Proposition 5.2. Given an IvODS IS= = (U, AU {d}, V), deleting
object set Uge = {Xq;,Xqy, ..., Xq, } from IS=, then the changed
object set is U' = U — Uge. Let VB C A, known the )p\evious relation
matrix N;B [N(u)]”X” and its diagonal matrix N<B [N(u Ty

where the diagonal matrix is updated to N;B [N(u) Ttn—n")x(n—n)

after deleting objects, where

ZNH’( 1.qr)
ZNx+n \qr)’

0, i,jell,n—n'],i#],

Nib- 1j+k=1) Ljelge-1—k+2,q—k+1)i=]

~izp
Negy = . , P
Ljelgr —n'+1,n=-nli=j

1+n JHn)

(31)
where 1 <k <n.

Proof. When the object set Uy, is deleted, the raw object set

becomes U’ = {x1,X2,...,X,—}. In NJ,B, the elements on the
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[~ 1.5372 0 0 0 0 0 0 0.1698 0.9706 0.0075 |
0 1.6625 0 0 0 0 0 0.0653 0.9829 0.0049
0 0 2.5469 0 0 0 0 0.1436 0.9852 0.0115
0 0 0 1.6867 0 0 0 0.6106 0.9765 0.0268
IK/I:A . 0 0 0 0 2.4117 0 0 0.7210 0.9829 0.1436
v 0 0 0 0 0 0.5178 0 0.0021 0.5950 0.0002
0 0 0 0 0 0 0.6412 | 0.0123 0.5612 0.0009
0.0090 0.0082 0.0075 0.0476 0.0131 0.1368 0.0176 | 0.5000 0.6791 0.0176
0.0029 0.0039 0.0001 0.0002 0.0001 0.0702 0.0002 | 0.0012 0.5000 0.0001
| 0.0032 0.0029 0.0110 0.0170 0.0128 0.0524 0.3318 | 0.2593 0.5000 0.5000 | .. .o
2.6851 0 0 0 0 0 0 0 0 0 7]
0 2.7156 0 0 0 0 0 0 0 0
0 0 3.6872 0 0 0 0 0 0 0
0 0 0 3.3005 0 0 0 0 0 0
. 0 0 0 0 4.2592 0 0 0 0 0
- 0 0 0 0 0 1.1150 0 0 0 0 ’
0 0 0 0 0 0 1.2157 0 0 0
0 0 0 0 0 0 0 1.4364 0 0
0 0 0 0 0 0 0 0 0.5789 0
L o 0 0 0 0 0 0 0 0 1.6903 |, .
[ 1.5372 0 0 0 0 0 0 0.1698 0.9706 0.0075 ]
0 0.5115 0 0 0 0 0 0 0.9829 0.0049
0 0 1.5643 0 0 0 0 0 0.9852 0.0115
0 0 0 0.6535 0 0 0 0 0.9765 0.0268
W _ 0 0 0 0 2.4117 0 0 0.7210 0.9829 0.1436
v 0 0 0 0 0 0.5120 0 0 0.5950 0.0002
0 0 0 0 0 0 0.6412 | 0.0123 0.5612 0.0009
0.0090 0.0082 0.0075 0.0476 0.0131 0.1368 0.0176 | 0.5000 0.6791 0.0176
0 0.0039 0 0.0002 0 0 0 0 0.5000 0.0001
L 0 00029 0 00170 0 0 0 0 05000 05000 |,
[ 2.6851 0 0 0 0 0 0 0 0 0 ]
0 1.4993 0 0 0 0 0 0 0 0
0 0 2.5610 0 0 0 0 0 0 0
0 0 0 1.6567 0 0 0 0 0 0
. 0 0 0 0 4.2592 0 0 0 0 0
B 0 0 0 0 0 1.1072 0 0 0 0
0 0 0 0 0 0 1.2157 0 0 0
0 0 0 0 0 0 0 1.4364 0 0
0 0 0 0 0 0 0 0 0.5042 0
L o0 0 0 0 0 0 0 0 0 1.0199 |, .
Box 1.

off-diagonal lines are all zero, i.e., Vi,j € [1,n —n'] and i # j,
./7<B = 0 always holds. According to Definition 4.6, for elements
on the dlagonal we have ./\/flj) YN Zt 1./\/’(1 H =
/\/ Z[ 1]\/(, £ and its position has two changes in N . One
for any i,j € [qk—1, qx) and i = j, the row and column coordinates
of N(; 7 should be shifted forward by k — 1 positions at the same
time. After that, we can get that for any i,j € [q;< 1 — k +
2,q—k+1)andi=j Nl) _/\/(z+k 1,j+k— Zt 1 1+I< 1.4p)
holds. On the other hand, for any i,j € [qn/ —n'+1,n—-1]
and i = j, the row and column coordinates of ./\ffB) should be

shifted forward by n’ positions simultaneously. Then, we have

B B B
/\/< N1<+n ) Zt 1 NGt g holds. To sum up, based on

the previous relation matrix N and its diagonal matrix Nf,B,

we delete the corresponding knowledge to obtain an updated
diagonal matrix N;£. O

11

Analogously, the diagonal matrix N;FUd can also be updated
by Proposition 5.2. Hence, according to Eq. (29), we can directly
compute the new FDNCE using the updated matrices N=<B ;- and

N‘BUd. Subsequently, according to Proposition 5.2, we use an

example to demonstrate the updating process of FDNCE.

Example 5. Continuing from Example 3, deleting object set

Ugd {x2, x4} from Table 5, then the new IvODS is shown

in Table 10, where the new object set is denoted as U’
{x1, x3, X5, Xg, X7}. First, we update the diagonal matrices N‘, and

N“Ud according to Proposition 5.2 as given in Box II. Then, based
on the updated diagonal matrices N‘f‘ and N‘AUd the new FDNCE

/\/SdlA( ') is calculated using Eq. (29) as Nsd‘A(U/) = 0.1628.
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_ . _
15372— Y N f 0 g 0
t=2,4
g 16625 g g g g g
A
0 g 25469- > NGh O f 0 0 0
t=2,4
9= g i i 16867 i g g
v 0 [} 0 g 24117 N3 0 0
t=2,4
0 [/ 0 [/ 0 05178 — Y NGh 0
t=2,4
0 [/} 0 g 0 0 0.6412— Y NG%
L t=2,4 d7y7
1.3929 0 0 0 0
0 2.3142 0 0 0
=| o 0 1.9398 0 0 ,
0 0 0 0.5059 0
0 0 0 0 06333, .
[15372— > NGh)  f 0 [} 0 0 0 ]
t=2,4
g 05115 g g g g g
0 g 15643- > NGh f 0 0 0
t=2,4
i _ g ¢ g oess 4 g g
v 0 g 0 g 24117 > NG 0 0
t=2,4
0 [/} 0 [} 0 05120 — Y " NGh 0
t=2,4
0 [/} 0 '} 0 0 0.6412 - Y " NGh
L t=2,4 4757
1.3929 0 0 0 0
0 1.3316 0 0 0
=| o 0 1.9398 0 0
0 0 0 0.5002 0
0 0 0 0 06333, .
Box II.
Table 10 Table 11
A new IvODS after deleting object set. The time complexity of IFSD-IvO algorithm.
U a; a as ay d Steps Time complexity Steps Time complexity
X1 [0.28, 0.30] [0.33, 0.40] [0.54, 0.66] [0.53, 0.65] 1 2-3 0(|Us1UD 14-19 o(Q2IU'13)
* 270: 496 36-6- 6 3 5-12 o((IAl - IQDIU'P*)
X3 [0.40, 0.43] [0.41, 0.50] [0.27, 0.33] 0 2
7 41-6- 086 10200241  fo-416501 3
Xs [0.42, 0.44] [0.16,020] O [0.16, 0.20] 1 Table 12
X6 [0.55, 0.60] [0.82, 1.00] [0.72, 0.88] [0.82, 1.00] 2 The comparison of the time complexity of algorithms HFS-IvO and IFSD-IVO.
X [0.78, 0.81] [0.65, 0.80] [0.36, 0.44] [0.08, 0.10] 1 Algorithms Time complexity
HFS-IvO O + AU + AU + 1Q AU )
IFSD-IvO O(|Ugel U + (Al = 1QDIU'P + QP 1U"1%)

5.2.2. The incremental feature selection algorithm

This subsection introduces a FDNCE based incremental fea-
ture selection algorithm when deleting object set from IvODS
(IFSD-IvO), and then analyze its time complexity.

In Algorithm 3, Step 1 is to delete the object set. Step 2
is to update the original diagonal matrices by Proposition 5.2.
Step 3 is to compute the new FDNCE by Eq. (29). Step 4 is to
determine whether the new FDNCE under the original reduct is
not higher than that of under the entire attribute set, if so, then
keep the original reduct unchanged. Steps 5-7 is to construct a
descending sequence for the remaining attributes. Steps 8-12 is
to incrementally update the selected feature subset until Step 8
does not hold. Steps 14-19 is to remove redundant attributes
from the selected attribute subset. Steps 20-21 is to output the

12

final reduct. The time complexity of the main steps in this algo-
rithm are listed in Table 11. Subsequently, the time complexity
of algorithms HFS-IvO and IFSD-IvO are collected into Table 12
for intuitive comparison. Obviously, the time complexity of IFSD-
IvO algorithm is much lower than that of HFS-IvO algorithm.
The main reason is that IFSD-IvO algorithm uses the previous
knowledge when calculating the new reduct, while HFS-IvO al-
gorithm calculates a new reduct from scratch, which does not
use the previous knowledge. So HFS-IvO algorithm is very time
consuming for calculating a new reduct.
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Algorithm 3 IFSD-IvO algorithm

Input: An original IvODS IS= = (U, AU {d}, V), and its reduct Q,
parameters «, 8, original relation matrices N34, NjAY, N2,

N7 and their diagonal matrices N4, N<AUd N<Q N‘QUd
and Uge = {Xq;, Xgy» - - - » X, |3
Output: A new reduct Redu/ on U — Uge.
1: Delete object set U’ < U — Uge;
2: Update the diagonal matrices NGt — NjA, NjY — N,
<Z0ud

NDQ - N9, N;QU" — N~ by Proposition 5.2;
3: Calculate the new FDNCE NSdIA(U/) and N€5,(U") by Eq. (29);

4 if/\/fle(U’) > N&;lA(U/) then
: foreachae(A—Q)do

6: Calculate sigé{{ter(a, Q,d) by Eq. (25), then construct a
descending sequence of attributes, and record the results
as {a},d,, ...

7. end for

8:  while NSCT‘Q(U/) > N&;m(U/) do

9: forh=1to|A—Q| do

/ .
“Gaqhi

10: Select Q <— Q U {a;} and calculate NSJ‘Q(U’);

11: end for

12:  end while

13: end if

14: for each a € Q do

15:  Compute FDNCE N &g _qy(U") by Eq. (29);

16:  ifNEG g (q)(U) S NEGH(U') then

17: Q <~ Q—f{ah

18:  end if

19: end for

20: Redy < Q;

21: return Redy;

Table 13

The summary of datasets.
No. Datasets Abbreviation Objects Attributes Classes
1 Wisconsin Prognostic ~ WPBC 198 32 2

Breast Cancer

2 Auto MPG Auto 398 7 3
3 Housing Hous 506 13 5
4 Australian Credit Aust 690 14 2
5 Credit Approval Cred 690 14 2
6 Wine Quality-red Wred 1599 11 10
7 Car Evaluation Car 1728 6 4
8 Cardiotocography Card 2126 21 3
9 Wine Quality-white Wite 4898 11 10

6. Experiments and analysis

In this section, we perform a series of experiments to test the
robustness of the proposed metric and evaluate the performance
of the proposed incremental feature selection algorithms. The
configuration of computer used for experiments is as follows. CPU
is Intel(R) Core(TM) i7-8700. Clock Speed is 3.20 GHz. Memory is
16.0 GB. Operation System is 64-bit Windows 10. The algorithms
are coded in Java and run in Java platform. The code of algorithms
can be downloaded from the GitHub homepage.! We downloaded
nine datasets from the UCI machine learning repository, and a
summary of them is provided in Table 13.

However, very few real interval-valued datasets are publicly
available. In [5,6,36,54,58-63], the interval-value datasets are

1 https://github.com/binbinsang/Experimental-source-code.git.

13
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obtained through different data preprocessing methods, which
convert the single-value datasets into the interval-value datasets.
Before performing the experiments, we use a similar data pre-
processing method to obtain the interval-valued datasets. First,
for categorical attributes, we use integers instead of symbols, and
define order relation of the integers in accordance with semantics
of the attributes. Then, these datasets are normalized using

~ v —min(Vg,)
max(Ve,) —

Vik = (32)

min(Vg,)’

Finally, this normalized single value v;, is constructed as an
interval number [}, 0}, where

1k _(1 - (X) X i)l'kv (33)

,k =1+ a) X V. (34)
In Egs. (33) and (34), the o represents error precision. In this
experiment, we stipulate that « 0.05 and if 9}, > 1, then
0f, = k.

6.1. Evaluation on the robustness of metric FDNCE in IvODS

In this subsection, we randomly select four datasets in Ta-
ble 13 to test the robustness of metrics DCE, FDCE, and FDNCE
in IvODS. For each preprocessed dataset, we choose different
proportions of data to add random noise. These datasets with
noise are obtained by

Al 1 or r
[0 + Ty Vi + 73]

[U ik> lk]

0 < (b + 1) < (O +1j) < 1

[Df, D] =
e Dl otherwise,

(35)

where r},, 1, € [0, 1]. Then, these three metrics are calculated
for different levels noise datasets. The experimental results are
shown in Fig. 2.

From Fig. 2, we can find that the fluctuation of FDNCE curve
is relatively small as the noise level increases. Moreover, in each
sub-figure, we also show the standard deviation (STDEV) of the
calculation result of each metric. From these histograms, we can
intuitively observe that the STDEV of FDNCE is minimal. There-
fore, we can conclude that the robustness of metric FDNCE is the
best one compared with other two metrics.

6.2. Performance evaluations of incremental algorithms IFSA-IvO
and IFSD-IvO

The performance of the proposed incremental algorithms are
evaluated from the perspective of effectiveness and efficiency. In
this subsection, we introduce the compared algorithms, experi-
mental design, and experimental results and analysis.

6.2.1. Compared algorithms

Four feature selection (attribute reduction) algorithms for
interval-valued data are adopted as comparison algorithms, as
shown below.

e Algorithm DRSQR. Du et al. proposed a DRSA based
QuickReduct algorithm for ordered data [64]. We replace
the single-valued dominance relation in this algorithm with
the interval-valued dominance relation (as indicated by
Definition 2.4), and then naturally use this algorithm for
attribute reduction of interval-valued ordered data.

e Algorithm RDAR. Dai et al. proposed several uncertainty
measures for interval-valued data, where the measure 6—
rough degree is used in the attribute reduction algorithm of
interval-valued data [30]. This algorithm is written as RDAR,
where the parameter 0 is preset to 0.5.
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Fig. 2. The comparison of robustness of metrics at different noise levels.

—> DRSQR
L. RDAR —>
Randomly Ad‘d remaining Rav\l/ 50% | Run npat reducts
select 50% objects objeets | algorithms to classifiers
objects of REAR I—)
raw data Add 50%

et [rsvo -_
Input raw attribute ——> IFSA-IvO

set to classifiers

Output

Classification
accurary

(a) Experimental operations when adding objects

~

Randomly delete —> RDAR
50% objects of Run Input reducts

i to classifiers
raw data Raw 50% algorithms REAR
Raw data objects
> HFS-IvO
Input raw attribute L IFSD-IvO
set to classifiers

(b) Experimental operations when deleting objects

Output

Classification
accurary

Classifiers

Fig. 3. Experimental operations for evaluating the effectiveness of incremental algorithms.
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Fig. 4. Experimental schemes of evaluating the efficiency of incremental algorithms.

e Algorithm REAR. Xie et al. presented a new uncertainty
measure for interval-valued data, called 6 —rough entropy,
which is used in the attribute reduction algorithm of
interval-valued data [33]. This algorithm is written as REAR,
where the parameter 0 is preset to 0.4.

Algorithm HFS-IvO. It is a FDNCE based heuristic feature
selection algorithm for interval-valued ordered data given
in Algorithm 1.

6.2.2. Experimental design

In this experiment, the classification accuracy of the reduct
generated by the feature selection algorithm is used to show
the effectiveness of this algorithm, the time and speed-up ratio
calculated by the feature selection algorithm show the efficiency
of this algorithm.

(1) Evaluation indexes

The evaluation index of effectiveness is classification accuracy,
and that of efficiency is calculation time and speed-up ratio.

Currently, most classifiers cannot handle interval-valued data
[30]. For this purpose, Dai et al. extended two commonly used
classifiers Probabilistic Neural Network (PNN) and K-Nearest
Neighbor (KNN), which are used to measure the classification
effect of the attribute subsets of interval-valued data [30]. In this
experiment, we use these two classifiers to evaluate the effec-
tiveness of feature selection algorithms. 10-fold cross-validation
is adopted in classification. Here, the percentage of correctly
classified instances is used as an evaluation indicator, and it can
be obtained via running classifiers. Moreover, the speed-up ratio
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is calculated as S = Tcomparison—algorithm / Tincremental—algorithm where T,
is the computational time of * algorithm.

(2) The scheme of effectiveness evaluations

In order to compare the effectiveness of the two incremen-
tal algorithms with the other four algorithms, we design the
corresponding experimental schemes as shown in Fig. 3, where
Figs. 3(a) & 3(b) is used to compare the incremental algorithm
IFSA-IvO & IFSD-IvO, respectively, with the other four algorithms.

(3) The scheme of efficiency evaluations

We record the calculation time and speed-up ratio of feature
selection algorithms in the dynamic adding and deleting data
environments, respectively. The less calculation time of an algo-
rithm, the faster the calculation speed is, which means that the
efficiency of the algorithms is higher, and vice versa. Therefore,
the efficiency of algorithms are measured by comparing the cal-
culation time of the algorithms. The experimental schemes are
shown in Fig. 4.

6.2.3. Experimental results and analysis

(1) Experimental results of effectiveness evaluation

The experimental results evaluating the effectiveness of the in-
cremental algorithms and the other four algorithms are provided
in Tables 14 and 15. In Tables 14 and 15, the “raw” is the classifi-
cation accuracy of the raw attribute set, the optimal classification
accuracies are in boldface, and the number in bracket after each
classification accuracy result indicates the size of the generated
reduct.
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Fig. 5. The computational time of different algorithms versus different ratios of adding objects.
Table 14
The comparison of classification accuracy of different algorithms when adding objects (%).
Datasets PNN KNN
All attributes DRSQR RDAR REAR HFS-IvO  IFSA-IvO  All attributes DRSQR RDAR REAR HFS-IvO  IFSA-IvO
WPBC 46.70 48.73 (12) 47.72 (2) 47.72 (4) 4569 (6) 53.30 (8) 50.76 50.25 (12) 5133 (2) 49.75 (4) 4569 (6) 52.28 (8)
Auto 67.00 63.48 (5) 66.75(5) 66.00 (4) 6423 (4) 64.23 (4) 72.80 7028 (5) 66.00 (5) 71.54 (4) 74.81(4) 74.81(4)
Hous 43.37 43.96 (10) 3842 (4) 4376 (7) 46.12 (2) 46.12 (2) 66.93 67.72 (10) 64.16 (4) 67.92 (7) 69.77 (2) 69.77 (2)
Aust 84.33 8433 (12) 73.15(4) 8476 (7) 84.62(7) 85.34(5) 83.16 84.18 (12) 70.10 (4) 83.89(7) 8287 (7) 80.84 (5)
Cred 60.96 61.83 (12) 43.25(4) 61.68 (7) 4006 (3) 6239 (7) 67.20 66.62 (12) 64.44 (4) 68.21(7) 60.81(3) 68.36 (7)
Wred 22.59 22.59 (10) 23.19(9) 2263 (9) 2084 (2) 2377 (1) 50.69 49.19 (10) 47.87 (9) 22.63(9) 46.06 (2) 46.31 (1)
Car 47.83 47.83 (5) 36.13(2) 47.65(3) 7001 (1) 7917 (1) 67.17 67.75 (5) 69.89 (2) 67.69 (3) 70.01 (1) 79.17 (1)
Card 76.60 4576 (13) 66.85 (6) 77.12 (11) 80.04 (3) 80.74 (4) 87.10 83.95 (13) 86.16 (6) 87.01 (11) 86.35 (3) 88.75 (4)
Wite 54.25 54.89 (7) 51.90 (5) 45.41(4) 47.86(5) 55.13(7) 48.74 48.81 (7) 48.03 (5) 48.41(4) 46.62 (5) 4940 (7)

From Tables 14 and 15, we find that for most datasets, the
classification effect of the proposed incremental algorithms are
not only slightly higher than the overall attribute set, but also
slightly higher than the other four comparison algorithms. From
the perspective of the size of the reduct, the size of the reducts
generated by the proposed incremental algorithms and the al-
gorithm HFS-IvO are equal or very close in most datasets, and
the size of the reducts generated by the incremental algorithms
is smaller than that of the algorithms DRSQR, RDAR, and REAR
in most datasets. Therefore, it can be concluded that the pro-
posed incremental algorithms can effectively delete redundant
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attributes and improve classification accuracy. This fully shows
that our incremental algorithms are effective.

(2) Experimental results of efficiency evaluation

First, we compare the computational efficiency of the incre-
mental algorithm IFSA-IvO with the other four comparison algo-
rithms. The detailed experimental operation is shown in Fig. 4(a),
and the experimental results are shown in Figs. 5 and 6.

From Fig. 5, we find that for most datasets, the computational
time of IFSA-IvO algorithm is less than that of other four algo-
rithms. In particular, for all datasets, the calculation time of the
algorithm IFSA-IvO is significantly lower than that of algorithms
DRSQR and HFS-IvO. Furthermore, as the size of the added object
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Table 15
The comparison of classification accuracy of different algorithms when deleting objects (%).
Datasets PNN KNN
All attributes DRSQR RDAR REAR HFS-IvO IFSD-IvO  All attributes DRSQR RDAR REAR HFS-IvO IFSD-IvO
WPBC 5455 47.47 (11) 5051 (2) 4848 (4) 57.58 (1) 57.58 (1) 58.59 5152 (11) 57.58 (2) 48.48 (4) 5859 (1) 58.59 (1)
Auto 73.37 7487 (5) 77.89 (1) 72.86 (4) 6834 (1) 78.89 (2) 73.37 7236 (5) 70.85 (1) 7337 (4) 6834 (1) 73.87 (2)
Hous 34.39 3597 (9) 2530 (4) 3439 (7) 3478 (9) 37.57 (7) 62.45 64.03 (9) 64.03 (4) 6364 (7) 6245(9) 67.98 (7)
Aust 8435 85.80 (11) 73.91(4) 8174 (6) 8493 (13) 8522 (7) 83.19 84.35 (11) 68.99 (4) 82.03 (6) 84.06 (13) 83.19 (7)
Cred 59.13 61.74 (12) 56.81 (4) 55.65(6) 46.96 (2) 46.96 (2) 62.32 62.03 (12) 60.87 (4) 56.81(6) 45.80 (2) 45.80 (2)
Wred  55.52 56.27 (10) 49.26 (3) 5538 (1) 5627 (7) 56.65 (6) 53.82 53.32 (10) 49.31(3) 5038 (1) 5344 (7) 54.82 (6)
Car 64.47 64.00 (3) 75.00 (2) 64.12(3) 58.10 (4) 7917 (1) 7222 79.17 (3) 7894 (2) 7269 (3) 79.17 (4) 79.17 (1)
Card 76.08 4576 (12) 62.15 (7) 74.01(10) 67.70 (6) 67.70 (6) 80.41 77.87 (12) 83.15(7) 81.17 (10) 87.38 (6) 87.38 (6)
Wite 54.13 5409 (7) 56.00 (2) 5557 (1) 57.00 (2) 57.00 (2) 47.49 48.00 (7) 43.00 (2) 4057 (1) 43.16 (2) 43.16 (2)

set increases, the growth trend of the time consumed using IFSA-
IvO algorithm is slower than that using other four algorithms.
Moreover, Fig. 6 shows that the incremental algorithm is at least
nearly one times or more faster than other four algorithms on all
the datasets. For most datasets, the algorithm IFSA-IvO is on av-
erage four times faster than the other four algorithms. Therefore,
the experimental results prove that the incremental algorithm
IFSA-IvO can efficiently obtain a reduct when adding objects.

Second, we compare the computational efficiency of the incre-
mental algorithm IFSD-IvO with the other four comparison algo-
rithms. The detailed experimental operation is shown in Fig. 4(b),
and the experimental results are shown in Figs. 7 and 8.

Fig. 7 shows that on each dataset, the calculation time of these
five algorithms decreases as the amount of deleted data increases,
where the running time of incremental algorithm IFSD-IvO is the
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least one. The time consumed by these five algorithms is roughly
arranged in descending order as IFSD-IvO < RDAR < REAR <
HFS-IvO < DRSQR, which can be viewed from Fig. 8. In Fig. 8,
for most datasets, the calculation speed of algorithm IFSD-IvO
is several times of other algorithms. In particular, Figs. 8(a) and
8(d) show that algorithm IFSD-IvO is dozens of times faster than
algorithms DRSQR and HFS-IvO. Accordingly, we can conclude
that the incremental algorithm IFSD-IvO can efficiently obtain a
reduct when deleting objects.

(3) Summary

After experimental analysis, it can be concluded that incre-
mental algorithms IFSA-IvO and IFSD-IvO not only decreases
the computational time, but also improve the classification per-
formance. Accordingly, compared with other four algorithms,
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Fig. 7. The computational time of different algorithms versus different ratios of deleting objects.

incremental algorithms can quickly generate a satisfying reduct
when multiple objects are added to or deleted from an IvODS.

7. Conclusion and future work

In this study, we propose incremental feature selection meth-
ods based on FDNRS for dynamic interval-valued ordered data.
The main works are as follows: (1) We propose a FDNRS model
for IvODS and present its relevant properties. (2) Based on the
proposed model, a robust conditional entropy (i.e., FDNCE) is
proposed for attribute reduction of IvODS. (3) For dynamically
adding objects to or deleting objects from an IvODS, we de-
velop two incremental feature selection algorithms accordingly.
Experiments are performed on nine public datasets. The result
of the experiment proves the robustness of the metric FDNCE
and the effectiveness and efficiency of the proposed incremental
algorithms.

This work studies incremental feature selection algorithms
for dynamic interval-value ordered data with object set changes.
Nevertheless, dynamic data with the variation of multi-sided
is closer to reality, which inspire our further research. In fu-
ture work, we will investigate incremental feature selection ap-
proaches for dynamic IvODS with the variation of multi-sided.
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